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Abstract. We show that Kraus' property S CT is preserved under taking weak* 
closed sums with masa-bimodules of finite width, and establish an intersection 
formula for weak* closed spans of tensor products, one of whose terms is a masa- 
bimodule of finite width. We initiate the study of the question of when operator 
synthesis is preserved under the formation of products and prove that the union 
of finitely many sets of the form n x A, where k is a set of finite width, while 
A is operator synthetic, is, under a necessary restriction on the sets A, again 
operator synthetic. We show that property S a is preserved under spatial Morita 
subordinance. En route, we prove that non-atomic ternary masa-bimodules 
possess property S& hereditarily. 



1. Introduction 

Operator synthesis was introduced by W.B. Arveson in his seminal paper [I] 
as an operator theoretic version of the notion of spectral synthesis in Harmonic 
Analysis, and was subsequently developed by J. Froelich, A. Katavolos, J. Ludwig, 
V.S. Shulman, N. Spronk, L. Turowska and the authors [8], [12], [16], [25], [2"6] . 
[27j . [28] . [29] . among others. It was shown in |12j . |27] and [20 j that, for a large 
class of locally compact groups G, given a closed subset E of G, there is a canonical 
way to produce a subset E* of the direct product G x G, so that the set E satisfies 
spectral synthesis if and only if the set E* satisfies operator synthesis. Thus, the 
well-known, and still open, problem of whether the union of two sets of spectral 
synthesis satisfies spectral synthesis can be viewed as a special case of the problem 
asking whether the union of two operator synthetic sets is operator synthetic. 

Another problem in Harmonic Analysis asks when the product of two sets of 
spectral synthesis is again synthetic. The analogous question in the operator theory 
setting is closely related to property S a , introduced by J. Kraus in [IT]. It is 
widely recognised that functional analytic tensor products display a larger degree 
of subtlety than the algebraic ones, the reason for this being the fact that they 
are defined as the completion of the algebraic tensor product of two objects (say, 
operator algebras, or operator spaces) with respect to an appropriate topology. 
Therefore, it is usually not an easy task to determine the intersection of two spaces, 
both given as completed tensor products. Such issues give rise to a number of 
important concepts in Operator Algebra Theory, e.g. exactness [23] . Property S a 
is instrumental in describing such intersections, and is closely related to a number 
of important approximation properties. In particular, it was shown in |18] to be 
equivalent to the a -weak approximation property, while in |13j . an equivalence of 
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when a group von Neumann algebra VN(G) possesses property S a was formulated 
in terms of an approximation property of the underlying group G. 

In this paper, we initiate the study of the question of when the direct product 
of two operator synthetic sets is operator synthetic. Furthermore, we combine the 
two stands of investigation highlighted in the previous two paragraphs by studying 
the question of when the union of direct products of operator synthetic sets is 
operator synthetic. The setting of operator synthesis is provided by the theory of 
masa-bimodules (see pQ, [9], [25] and [26]). A prominent role in our study is played 
by the masa-bimodules of finite width. This class is a natural extension of the class 
of CSL algebras of finite width, which was introduced in pQ as a far reaching, yet 
tractable, generalisation of nest algebras [1]. It was shown in [TJ] that CSL algebras 
of finite width possess property S a . However, this class has for long remained the 
main example of operator spaces known to have this property. We note that the 
question of whether every weak* closed masa-bimodule possesses property So- is 
still open (see [18]). 

It should be noted that masa-bimodules of finite width have been studied in a 
number of other contexts. They include as a subclass the masa-bimodules which 
are ternary rings of operators [29] , a class of operator spaces that has been studied 
extensively for the purposes of Operator Space Theory [3]. The supports of masa- 
bimodules of finite width (called henceforth sets of finite width) are precisely the 
sets of solutions of systems of inequalities, and were shown in [25] and [28] to be 
operator synthetic, providing in this way the largest single class of sets that are 
known to satisfy operator synthesis. It was shown in [8] that the union of an 
operator synthetic set and a set of finite width is operator synthetic. In [24J, this 
line of investigation was continued by showing that masa-bimodules of finite width 
satisfy a rank one approximation property, and a large class of examples of sets 
of operator multiplicity was exhibited within this class. They were the motivating 
example for the introduction and study of J-decomposable masa-bimodules in [8]. 

The weak* closed masa-bimodules are precisely the weak* closed invariant sub- 
spaces of Schur multipliers or, equivalently, of weak* continuous (completely) 
bounded masa-bimodule maps. The projections in the algebra of all Schur multipli- 
ers, called henceforth Schur idempotents, were at the core of the methods developed 
in [8] in order to address the union problem, as well as the closely related problem 
of the reflexivity of weak* closed spans. 

Here we significantly extend the techniques whose development was initiated in 
[8j by establishing an intersection formula involving tensor products and applying it 
to the study of the product and union problems described above. Simultaneously, 
we initiate the study of the question of whether property S a is preserved under 
taking weak* closed spans. 

The paper is organised as follows. After gathering some preliminary notions and 
results in Section [2 we address in Section [3] the preservation problem for property 
S a outlined in the previous paragraph, showing that the class of spaces possessing 
S a is closed under taking weak* closed sums with masa-bimodules of finite width 
(Theorem 13. 10p . As a consequence, the weak* closed span of any finite number of 
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masa-bimodules of finite width possesses property S a . En route, we give a sufficient 
condition for a ternary masa-bimodule to possess So- hereditarily (Theorem 13.71) . 
In Section [H we establish the intersection formula 

(1) p| B) i ®U 1 + --- + B r jr ® U r = {C\ n B l h ) i Ui + • • • + (n jr B} r ) <8> U r , 
h,—,jr 

valid for all masa-bimodules B? of finite width and all weak* closed spaces of 
operators U p , p = l,...,r, j p = l,...,m p (Corollary 14.21 j) . In Section we 
formalise the relation between property S a and the problem for the synthesis of 
products (see Corollary 15. 4p . As part of Proposition 15. 3| we establish a subspace 
version of the relation between Fubini products and the algebra tensor product 
formula discussed in [IT]. These results, along with the formula (P), are used to 
show that the union of finitely many products x Aj, where the sets Ki are of finite 
width, while Aj are operator synthetic sets satisfying certain necessary restrictions, 
is operator synthetic (Theorem 15 .9[) . 

Finally, in Section [6l we show that property S a is preserved under spatial Morita 
subordinance. As a corollary, we obtain that if L\ and £2 are isomorphic CSL's 
then the CSL algebra Alg£i possesses property S a if and only if Alg£2 does so. 

It is natural to wonder whether our results are valid for the more general class 
consisting of intersections of 3-decomposable spaces introduced in [8]. We note that 
this class contains properly the class of masa-bimodules of finite width. Progress in 
this direction would rely on the answer of the question of whether the approximately 
3-injective masa-bimodules (that is, the intersections of descending sequences of 
ranges of uniformly bounded Schur idempotents) satisfy property S a ; this question, 
however, is still open. 

2. Preliminaries 

In this section, we collect some preliminary notions and results that will be 
needed in the sequel. If H and K are Hilbert spaces, we denote by B(H, K) the 
space of all bounded linear operators from H into K, and write B(H) = B(H, H). 
The space B(H, K) is the dual of the ideal of all trace class operators from K into 
H, and can hence be endowed with a weak* topology; we note that this is the 
weakest topology on B(H, K) with respect to which the functionals u of the form 

00 

u(T) = jT(T£ k ,Ti k ), T G B(H, K), 

k=l 

where (£fc)fceN C H and (r/k)km Q K are square summable sequences of vectors, are 
continuous. In the sequel, we denote by U the weak* closure of a set U C B(H, K). 

Throughout the paper, H, K, Hi, K%, H% and K2 will denote Hilbert spaces. Let 
V C B(Hi, H 2 ) and U C B(K\, K 2 ) be weak* closed subspaces. We denote by V&A 
the weak* closed subspace of B{H\ <g> Ki,H 2 ® K%) generated by the operators of 
the form S ®T, where S G V and T e W. Here, H ® K is the Hilbertian tensor 
product of H and K, and we use the natural identification 

B{Hi ® K X ,H 2 ®K 2 ) = B{Hi,H 2 )®B{Ki,K 2 ). 
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We will use some basic notions from Operator Space Theory; we refer the reader 
to the monographs [3], [5], [22] and [23] for the relevant definitions. If X is a linear 
space, we denote by id the identity map on X. The range of a linear map (ft on X is 
denoted by Ran (ft. As customary the map (ft is called idempotent if <fto<ft = (ft; we let 
(ft 1 - = id —(ft. If X\ and X2 are subspaces of X, we set Xi~\-X 2 = {X1+X2 ■ Xi G Xi,i = 
1,2}. If Vi C B{H\,H 2 ) and ZYj C B (if 1,^2) are weak* closed subspaces, i = 1,2, 
and </> : Vi — > V2 and ip : U% — > U2 are completely bounded weak* continuous 
maps, then there exists a (unique) completely bounded weak* continuous map 
(ft ® ift : V1&A1 -> V 2 ^2 such that <g> V>U ® B) = (ft(A) ® ift{B), A G Vi, B G U\ 
[3]. In the case U\ = IA2 = B(Ki, K 2 ), we write throughout the paper </> = 0(8>id. We 
denote by V* the space of all weak* continuous functionals on V. If V C B(Hi,H 2 ) 
is a weak* closed subspace of operators and u G V* then we set R^, = lD; thus, 
i?w : V<8)iB(ifi, K%) — > B{K\,K2) is the Tomiyama's right slice map corresponding 
to lj (here we have use the natural identification C$t>B(Ki, K2) = B(Ki, K2)). We 
note that R^A^B) = u(A)B, AgV,B G B(K 1 ,K 2 ). If, further, W C B(K 1 ,K 2 ) 
is a weak* closed subspace, the Fubini product T(V,U) of V and is the subspace 
of V®B(Ki,K 2 ) given by 

T(V,U) = {T £ V^B{K 1 ,K 2 ) : R^{T) G U, for all u G V*}. 

If ^ G ill and 77 G i^2 ; we let be the vector functional on B{H\,H2) given by 
u^ v (A) = (A£, rj), A G B(H\, H 2 ); we use the same symbol to denote the restriction 
of uj^rj to the subspace IA C B(Hi, H2) ■ 

It is easy to notice that V&U C ^"(V, W). The subspace V is said to possess 
property S a if F(V,U) = V&A for all weak* subspaces W C B(K%,K2) and all 
Hilbert spaces ifi,i£2- This notion was introduced by Kraus in [17], where he 
showed that B{K\, K2) possesses property S a . (We note that Kraus considered the 
case K\ = if 2; however, it is easy to see that one can state both the definition and 
the result in terms of two Hilbert spaces.) From this fact, one can easily derive the 
formula 

T<y,U) = (V®B(Kx,K 2 )) n (B{H x ,H 2 )m). 
Now suppose that H\ and i?2 are separable Hilbert spaces and V\ C B{H\) 
and T>2 C B{H 2 ) are maximal abelian selfadjoint algebras (for brevity, masas). 
A linear map (ft on B(H\,H2) is called T>2,T>i-modular, or a masa-bimodule map 
when T>\ and T>2 are clear from the context, provided (ft(BXA) = B(ft(X)A, for 
all X G B(Hi,H 2 ), A £ T>i and B G V 2 . We call the completely bounded weak* 
continuous V 2 , T>\ -modular maps on B(Hi,H2) Schur maps (relative to the pair 
(T>i,T> 2 )); a Schur map that is also an idempotent is called a Schur idempotent. 
This terminology is natural in view of the fact that Schur maps correspond precisely 
to Schur multipliers, provided a particular coordinate representation of T>\ and T>2 
is chosen. We refer the reader to [8] for details; we will return to this perspective 
in Section [5j 

A T>2,T>\-bimodule, or simply a masa-bimodule when T>\ and T>2 are understood 
from the context, is a subspace V C B{H\,H 2 ) such that BXA G V whenever 
X G V, A G T>\ and B G T> 2 . Masa-bimodules will be assumed to be weak* closed 
throughout the paper; they are precisely the weak* closed subspaces invariant 
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under all Schur maps (see [El Proposition 3.2]). A weak* closed masa-bimodule M 
is called ternary [16J, [29! if M is a ternary ring of operators, that is, if TS*R E A4 
whenever T, S, R £ M. (see also [3j ) . It is not difficult to see that every ternary 
masa-bimodule is the intersection of a descending sequence of ranges of contractive 
Schur idempotents; this fact will be used extensively hereafter. It is easy to notice 
that the ternary masa-bimodules acting on a single Hilbert space which are unital 
algebras are precisely the von Neumann algebras with abelian commutant. 

A nest on a Hilbert space H is a totally ordered family of closed subspaces of H 
that contains the intersection and the closed linear span (denoted V) of any if its 
subsets. A nest algebra is the subalgebra of B{H) of all operators leaving invariant 
each subspace of a given nest. A nest algebra bimodule is a subspace V C B(Hi,H 2 ) 
for which there exist nest algebras A C B{H\) and B C B(H 2 ) such that BVA C V. 
All nest algebra bimodules will be assumed to be weak* closed. A T> 2 , T>\ -bimodule 
V is said to have finite width if it is of the form V = Vi n • • • H where each Vj is 
a T>2, T>\ -bimodule that is also a nest algebra bimodule. The smallest k with this 
property is called the width of V. We note that every ternary masa-bimodule has 
width at most two [16]. If each Vj is a nest algebra then V is called a CSL algebra 
of finite width [1]. It was shown in [T7] that von Neumann algebras with abelian 
commutant possess property S a and in [TJ] that every CSL algebra of finite width 
possesses property S a . 

Suppose that V C B(Hi,H 2 ) is a nest algebra bimodule. It was shown in [10] 
that there exist nests A/i C B{H\) and A/2 C B(H2) and an increasing V-preserving 
map : J\T\ — > M 2 such that 

V = {A € B(H 1 ,H 2 ) : AiV = <p(N)XN, N € M}- 

Let {PjjieN C A/i be a (countable) subset dense in M\ in the strong operator 
topology such that the set {ip(Pi)}i^ is dense in A/2, and 

JF„ = {0, Pi, P 2 , . . . , P n , 1} = {0 < Ni < N 2 < ■ ■ ■ < N n < I}. 

Set N = and N n+1 = I and let <t> n ,ip n : B(H 1 ,H 2 ) -> B(H 1 ,H 2 ) be the Schur 
idempotents (relative to any pair (T>x,T> 2 ) with M\ C T>\ qnd H 2 ^T> 2 ) given by 

n 

MX) = ^(<p(N i+l ) - V (Ni))X(N i+1 -Ni), X G B(-ffi, F 2 ), 

i=0 

^„(A)= ^ (<f(Ni + i) — <p(Ni))X(Nj + i — iVj-), XeB(H u H 2 ), 

0<i<j<n 

and A4 n and W n be the ranges of <f> n and tp n , respectively. We have that 

<p n ip n = 0, W n c V c W n + A4„, W„ c W„+i, A4 n+ i C A4 n , n G N, 

and n^ =1 A / l ri , C V. We will call the family (tp n , ip n , A4 n , W n ) ne N a decomposition 
scheme for V. Decomposition schemes were first explicitly used (although not 
referred to as such) in [8] for the study of reflexivity and synthesis problems. We 
note that, if ip n ,pi p = 1, . . . , ra 3 is given by 

Vy P (X) = (¥>0Ni+i) " ^(^))^(^'+i - ^0, ^ G B(Hi,H 2 ), 

j-i=p 
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then 4) n = Ylp=i i>n,p, ^n,p^n,q = if p ^ q and ||^ n ,p|| = 1, p = 1, ■ ■ ■ ,n. 

3. Stability under summation with modules of finite width 

The main result in this section is Theorem 13.101 and the associated Corollary 
13.114 which show that tensor product formulas are preserved under taking weak* 
closed sums with masa-bimodules of finite width. En route, we establish a sufficient 
condition for a ternary masa-bimodule to possess S a hereditarily (Theorem I3.T|> . 
We begin with some lemmas. 

Lemma 3.1. Let (ft be a weak* continuous completely bounded linear map on 
B(Hi,H2) and V,Vj C B(Hi, H2), U,Ui C B{K\,K2) be weak* closed subspaces, 
i = 1, . . . , n. Suppose that V is invariant under (ft. 

(i) We have <ft(Yli=i != Ya=1 </>(Vi)&Ui- In particular, (ft leaves V(&U 
invariant. 

(ii) If (ft is an idempotent then 

(Ran(ftm) n (V®W) = <ft(v)m = 4>(V®U). 
In particular, ranges of Schur idempotents possess property S a . 

Proof, (i) Fix i G {1, . . . , n} and suppose that T G Vi&Ui. Then T can be approxi- 
mated in the weak* topology by operators of the form X^=i Aj®Bj, where Aj G Vi, 
Bj G Ui, j = 1, . . . , k; therefore, (ft{T) can be approximated in the weak* topology 
by operators of the form ^7=1 ® ^j'j wriere Aj G Vi, Bj G Ui, j = 1, . . . , k. 

Hence, (ft{T) G (ft(Vi)®Ui. The conclusion now follows from the linearity and the 
weak* continuity of (ft. 

(ii) Since (ft is an idempotent, (ft(V) is weak* closed. By (i), (ft(V^>U) C <ft{y)(&U 
while, since (ft(V) C V, we have (ft{V)®U C (Ran t/xgW) n (V®U). Suppose that 
T G (Ran (ft®U) n (VgW). Then, by (i), <ft L {T) = and hence 

T = (ft(T) G 4>(V®U). 

Finally, if 

T G (Ran (ft®B(K x ,K 2 )) n (B(H U H 2 )®U) 

then, by the previous paragraph, T = <p(T) G (ft{B{H\, H2))®U; thus, Ran</> pos- 
sesses Sfj. □ 

Lemma 3.2. Let (ft be a weak* continuous completely bounded idempotent acting 
on B{H\, H2), V C B(H\,H2) be a weak* closed subspace invariant under (ft, U C 
B{K\,K2) be a weak* closed subspace and W C B(Hi (g) K\,H2 ® K 2 ) be a weak* 
closed subspace invariant under (ft. Then 

VWTTW n Ran (ft®U + W = (Ran^n V)®U + W. 

Proof. Suppose 

T G V®U + W n Ran 0lW + W. 
By Lemma f3. H and the invariance of W under 156, we have that (T) G W; similarly, 

<£(T) G 0(V)<g>« + W. 
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T = 4>^{T) + 4>(T) G (Ran <f> n V)®U + W. 
The converse inclusion is trivial. □ 

Lemma 3.3. Let V C B(Hi,H 2 ) (resp. U C B(Ki,K 2 ) ) be a weak* closed subspace 
and (p (resp. ip) be a weak* continuous completely bounded map on B{H\,H 2 ) (resp. 
B{K X ,K 2 )). Then 



ire idempotents that leave V and U, 

{4>®^){T{VM))=H4>{V),m))- 



Moreover, if (j) and tp are idempotents that leave V and U, respectively, invariant, 
then 



Proof. By Lemma 13. 11 

{(t>®ip){V®B(K 1 ,K 2 )) = ^o(id(8)^)(V<2)B(Ki,if 2 )) 

c 0(V0^(Ki, K 2 )) c ^(V)®i3(Ki, K 2 ); 

similarly, 

(<P <g> *l)){B(Hi, H 2 )&A) C B{H u H 2 )®$jX)- 

Hence, 

(</.®^)(jf(v,w)) = (0®^)((v<g)B(iri,i<r 2 ))n(s(Fi,ff2)(S)W)) 



C (0(V)^(Ki,K 2 )) n (B(H U H 2 )^(U)) = T{<t>{V)^{U)). 

Now suppose that and are idempotents that leave V and ZY, respectively, 
invariant. Then, clearly, J-((f>(y),tp(U)) Q J-(V,U). On the other hand, if 

T G F(<f>(V),iP(U)) = (4>(U)®B{Ki, K 2 )) n {B{H u H 2 )®i,{V)) 

then 

® i/>(T) = (id <g>V)(0 ® id)(T) = T, 

and hence T = 4> ® ip{T) G (0 <g> ^(^(V.W)). Thus, J"(^(V), V(W)) C ® 
■0)(J r (V, W)); the converse inclusion follows from the previous paragraph. □ 

Suppose that Hk, k G N, are Hilbert spaces and let H = ©fceN^fc- Then every 
operator T G B{Tl) has an operator matrix representation T = (2* *), where T» j G 
B(}ij,'Ki). Given a family = (A^-^-gN, where X^j C B{(Hj,Hi} is a weak* 
closed subspace, we let 

£ = {T = (Tij) G B(U) : Tjj G X i;j ,i,j G N}. 

It can be readily verified that X is weak* closed. Moreover, it follows directly from 
its definition that if y = (3^ij)ijeN is another such family, Zij = Xij n y^j and 

Z = {Zi,j)i,jeN, then 

(2) z = xny. 
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Lemma 3.4. Let H\, H\, k G N, be Hilbert spaces, H\ — ®k&$H\} H2 — @k&H 2 > 
andU C B(K\,K 2 ) be a weak* closed subspace. 

(i) IfVij C B{Hl^H\) is a weak* closed subspace, i,j € N, V = (Vjj)ij'eN and 
V = (J r (Vij,U))ij<=n, then T(y,U) = V . 

(ii) IfVk is a weak* closed subspace ofB(H±, H*), k G N, then ^((BkGNVk,^) = 
©fceN^(V*,W). 

Proof, (i) Let €ij be the evaluation at the (i,j)-entry of a matrix (Xi m )i m ^. 
We identify Hi ® Ki with ®™ =l (Hf ® £ = 1, 2. We claim that, for every 
r G B(Ki, K2)*, we have 

(3) L T (e,ij(T)) = ejj(L r (T)), T E B{H±® Kx,H 2 ® K 2 ). 

Indeed, if T = where A = (Ajj^jem G B(H 1 ,H 2 ) and S G 8(1^, #2), then 

L r ( eiii (T)) = T{B)Ai, 3 = e iy3 (r{B)A) = e itj {L T (T)), 

and the general case follows by linearity and weak* continuity. A similar argument 
shows that, for every u G B(H{, H 2 )#, we have 

(4) RufaAT)) = Ru°eij(T), T G B{H X ®K X ,H 2 ®K 2 ). 

Now suppose that T = (Tjj) G F(V,U). Then ^ shows that L T (Tij) G Vij for 
every r G 0(1^, if 2 )*, while © shows that R w {Tij) G W for every w G 
i,j G N. It follows that T itj G F(V it j,U), i,j G N; thus, T(V,U) Q ? 

Conversely, suppose that T G "P. Then Ty G T(Vij,U) for every i and j. 
Given r G B(Ki,K 2 )*, <$3$) implies that L T (T) G V. On the other hand, letting 
(Eij)ij be the standard matrix unit system, (|4|) shows that, if w G B{H\, H 2 )* and 
G B{H\,H % 2 \ is given by ^^(A) = w(A ® then 

N N 

RUT) = lim R u( e i,j( T ) ® = lim £ ^,,( e «( T )) G ^ 

iV — >oo 4 — iV — >oo 4 — • 

ij=l ij=l 

thus, T G T{V,U). 

(ii) is a special case of (i) obtained by letting Vij = {0} if i ^ j. □ 

Corollary 3.5. In the notation of Lemma \3.4\ ifVi,j ^nd Vk have property S a for 
every i,j and k, then V and (BkeN^k do so as well. 

We note that the conclusion regarding the direct sum in the last corollary also 
follows from |171 Proposition 1.11]. 

It was shown in [17] that every von Neumann algebra with abelian commutant 
possesses property S a . We will shortly show that the same holds for ternary masa- 
bimodules. We first need a lemma. 

Lemma 3.6. Assume that Hi = £ 2 , (ej)j £ N is its standard orthonormal basis, and 
H 2 is a Hilbert space. Let Pi be the rank one projection whose range is spanned by 
6j, and Qi be a projection on H 2 , i G N. The space 

V = {T G B(H U H 2 ) : TP, = Q.TP^i G N} 
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possesses property S a . 

Proof. Let U C B(K±, K 2 ) be a weak* closed subspace and T G F(V,U). Then T = 
Y^Li T{Pi®I) (where the series converges in the weak* topology); it hence suffices 
to show that T(Pj®I) G V®U for each i. However, since T G V®B{K\, K2), we have 
that T(Pi ® I) = (Qi ® I)T(P< ® /). But (Q; ® J)T(Pj ® /) G (QiB(Hi,H 2 )Pi)®U, 
and the latter space is contained in V&J. It follows that T G V®W. □ 

Theorem 3.7. Let V x C and £> 2 C 0(iT 2 ) be masas and M C B(H 1 ,H 2 ) 

be a ternary T>2,T>i-bimodule. Then M possesses property S a - If, moreover, M 
does not contain subspaces of the form B{EH\, FK\), where E G T>\ and F G T>2 
are non-zero non-atomic projections, then every masa-bimodule V with V C M 
possesses property S a . 

Proof. We have (see, e.g., [29]) that, up to unitary equivalence, 

M = ((Bf =1 M h ^(V)) © (®] =1 B(E k H x ,F k H 2 )} , 

where m, I G NU{oo}, T> is the multiplication masa of L°°(0, 1) acting on L 2 (0, 1) 
and E k (resp. F k ) is a projection in V\ (resp. V2). Since V possesses S a [17], 
Corollary 13.51 implies that M does so as well. 

Suppose that M does not contain subspaces of the form B{EH\,FK\), where 
E G T>\ and F G T> 2 are non-zero non-atomic projections. Then, for each k, 
either E k is totally atomic or F k is such. Let V C M be a masa-bimodule. Then 
V = .MoffiWiffiWf, where .M C ©^M^^X*), while Wi and W 2 have the form 

described in Lemma [3T6l We have that M.q = ©™ =1 Wj, where = {(A Ptq ) : Ap } g G 

T>p :q \, and C P, for all p = 1, . . . , Zj and g = 1, . . . , Ay. We have that T>p^ q is 
itself a (continuous) masa and hence possesses property S a [17] . It follows from 
Corollary 13.51 that .Mo has S a . On the other hand, every masa-bimodule contained 
in Wi or W 2 has the form described in Lemma 13.61 By Corollary 13.51 and Lemma 
13.61 V has property S a . □ 

Lemma 3.8. Let M, V C B(Hi,H 2 ) be masa-bimodules with M ternary, and let 
U C B(K\,K 2 ) be a weak* closed subspace. Then 

{M®u) n {vm) = (Mn v)m. 

Proof. Up to unitary equivalence, 

M = (®f =1 M lj;k .(V)) © (©fUS^i^i^)) , 

where k, m G N U {00}, {Ei)^ =1 and (i^)*—! are families of mutually orthogonal 
projections belonging to the corresponding masas, while D is a continuous masa. 
Let M a = ® 1 l =1 B{E i H 1 ,F i H 2 ) be the atomic part of M and M c = ®jLxMi. >k .(Vj) 
be its continuous part, both naturally identified with subspaces of M. We have a 
natural identification 

M®U = (M a ®U) + {M C ®U) 

and 

{Mm) n (V®W) = {{M a ®U) n (V®W)) + {{M C ®U) n (V®W)) 
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(for the second identity, we use the fact that, if 6 is the Schur idempotent given by 
9{X) = QXP, where P = Vj-Ej and Q = Vji^, then 9 leaves V&i invariant and 
maps M®U onto M a ®U). 

Let <\> be the map on B(Hi,H 2 ) given by 4>{X) = Yli^i-FiXEi. Then <j> is a 
contractive Schur idempotent and so, by Lemma 13. 11 we have 

{M a ®U) n (V®W) = (Ran (t>®u) n (V®W) = <t>{V)m 
= (M ffl nvpc(A^nvp. 

Suppose that T G {M C ®U) n (V®W). Then L T (T) eM c nV and R U {T) G U for 
all r G B(K 1 ,K 2 )* and all w G B(JETi, JT 2 )*- Thus, 

r g 7"(7W C n v,W) = (A4 C n v)d>W c {M n v)®W, 

where the equality follows from Theorem 13.71 applied to the masa-bimdule A4 C . 
We hence showed that 

{Mm) n (v®W) c (A4 n v)®w ; 

the converse inclusion is trivial. □ 

Lemma 3.9. Let {M n )n&$ fre a descending sequence of ternary masa-bimodules in 
B{H\,H<i) and M. = n n( =N.A4 n . IfU Q B{K\,K 2 ) is a weak* closed subspace then 

n nm (M n ®u) = M®u. 

Proof. The inclusion M.(g>U C n ne ^(A4 n ^)U) is trivial. Suppose that T G M n &A 
for each n. Then L r (T) G .M n for all n, and so L T (T) G .M, for all t G B(K 1 ,K 2 )*. 
On the other hand, Ru(T) G W for all w G B(H U H 2 )*. It follows that T G 
T(A4,U) and since A1 possesses property £ CT (Theorem I3.T[) . we conclude that 
T G .M<i>W. □ 

We are now ready to prove the main result of this section. 

Theorem 3.10. Let V C B{H\,H 2 ) be a masa-bimodule, B C B(Hi,H 2 ) be a 
masa-bimodule of finite width and U C B(Ki,K 2 ) be a weak* closed subspace. 
If T(V,U) = V®U then J*(V + B,U) = VT~B®U- In particular, if V possesses 
property S a then V + B does so as well. 

Proof. We use induction on the length k of B. If k = 0, that is, B = {0}, the 
statement is trivial. Suppose that it holds for masa-bimodules of length at most k, 
let B be a masa-bimodule of length k, and let A be a nest algebra bimodule. Let 
(4>n, ipn> M-ni W„)„gN be a decomposition scheme for „4, and set n = id —{4> n + 4>n)- 
Suppose T G J(V + (Bn^),W) and write T = 4> n (T) + ip n (T) + 0„(T). Since 
A C Ran(</> n + V'n), we have that n (.A) = {0} and hence, by Lemma [3T3l 

0„(T) eJ(V,W) = V®W. 

By Lemma 13.31 and the fact that ip n (13) = Ran^/>„ n B, we have 

$ n (T) g %(v + (Bn ^)),w) = P(MV) + n A),u) 

= J-(Vn(V) + Vn(S),W) = i(J(V + B,W)) = i(V + B^) 

= ^n(vTs)^ c v + Vn(£)<8>^) c v + (Bnip. 
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On the other hand, by Lemmas 13.31 and 13.81 and the facts that 4> n (V) = V n A4 n 
and 4> n (B) = Bf] A4 n , we have 

MT) G J(i(V) + (^(B)nM n ),W) 

= (V n M n + B n M n ®B{K u K 2 )) n (B(H h H 2 )m) 
= {yTBr\M n ®B{K 1 ,K 2 ))r\{B{H l ,H 2 )m) 

= (yTB®B(K x ,K 2 )) n (M n ^B(K 1 ,K 2 )) n (B(Hi,H 2 )®U). 

Let 5 be a weak* cluster point of (^ n (r)) ne ^ and set M. = n ne N-^ n . Using 
Lemmas 13.81 13.91 and the inductive assumption, we have 

S G ^+Bm{K l ,K 2 ))n{M®B{H 1 ,H 2 ))n{B{H l ,H 2 )&A) 

= T(VT~B, U) n T(M , u) = (M®U) n (VTB®u) = (MnvTB)®U. 

Every ternary masa-bimodule has finite width (in fact, it is the intersection of two 
nest algebra bimodules [16]) and hence, by [U Theorem 2.10], we have that 

M n VTB c v + m n VTb = v + (BnM) c v + (6ni). 

It follows that 

s g v + (Bnip. 

On the other hand, by the second paragraph of the proof, 
T - S = lim $ n (T) + n {T)) G V + (B n 

n— >oo 

Hence, 

T = 5 + (T - 5) G V+(Bn 
and the proof is complete. □ 

The next corollary is an immediate consequence of Theorem l3.101 It extends the 
fact, established in [2], that CSL algebras of finite width possess property S a . 

Corollary 3.11. If Bi, i = l,...,n, are masa-bimodules of finite width, then 
B\ H + B n has property S a . 

4. Intersections and spans 

In this section, we establish an intersection formula for weak* closures of spans 
of subspaces of the form B&J, where B is a masa-bimodule of finite width (see 
Theorem 14.41 and Corollary I4.21|) . This result will be used in Section to study 
questions about operator synthesis. 

We fix masas T>\ C B(H\) and T> 2 C B(H 2 ). All Schur idempotents we consider 
are relative to the pair (T>i,V 2 ) and act on B{H\, H 2 ). We will say that a sequence 
(V ; n)neN of Schur idempotents is nested if Ran'i/'n+i Q Ran^n for all n G N. 
Before formulating the main result of this section, Theorem 14.41 we state three 
propositions which will be needed in its proof. We first recall that the ranges 
of contractive Schur idempotents on B(H\, H 2 ) are ternary masa-bimodules of the 
form (BkB(Ek'Hi,FkH 2 ), where (Ek)k Q and (Fh)k Q ~D 2 are families of mutually 
orthogonal projections (see, e.g., [15]). 
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Notation. For the rest of this section, we let Bi C B(Hi,H?) be a masa-bimodule 
of finite width, U, V,Ui be weak* closed subspaces of B(K\,K2), i = 1, . . . ,r, and 

w = ELi Hi®z^. 

Proposition 4.1. Ze£ (V'i)ieN a nested sequence of contractive Schur idempo- 
tents. 

(i) Let (4>i)ien be a nested sequence of contractive Schur idempotents. Then 
the subspaces 

rife ) i(Ran ipi n Ran 4>k)®M + Ran 4>k®V + W and 
((n, RanV'i) n (n fc Ran</> fc ))<g)W + (n fc Ran fc )<g>V + W 

coincide. 

^ Let B be a nest algebra bimodule. Then 

r\Ran ^j®^ + tflV + W = (f\ Ran ipi)®U + £®V + W. 
(m^ Xei B be a nest algebra bimodule. Then the subspaces 
rijRan ipi&U + (Ran ^ n B)®V + W and 
(Di RanVi)®W+ ((Hi Ran Vi) H £)<8>V + W 

coincide. 

Lei B be a masa-bimodule of finite width. Then the subspaces 
rijRan + (Ran ipi n #)<8>V + W and 

(Di RanVi)<8>W+ ((Hi Ran ipi) n £)<g>V + W 

coincide. 

(V rijRan V^®W + W = (Hi Ran^)<8>W + W. 

We note that part (ii) of the previous proposition is more general than (v); how- 
ever, for the purpose of its proof it will be convenient to formulate these statements 
separately. 

Proposition 4.2. Let M be a ternary masa-bimodule and C be a nest algebra 
bimodule. Then 

Mm + w n cm + w = (m n c)m + w. 

Proposition 4.3. Let M be a ternary masa-bimodule and C be a masa-bimodule 
of finite width. Then 

Mm + wn cm + w = (m n c)m + w. 

Theorem 4.4. Let Cj C B(H\,H-2) be a masa-bimodule of finite width, j = 
1, . . . , m. Then 

n™ =1 c~m + w = (nf^c^m + w. 
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The proof of the above results will be given simultaneously, using induction 
on the number r of terms in the sum W = Yll=i Bi&Ui and will be split into a 
number of lemmas. The first series of steps, namely Lemmas l4.5H4.12j provide the 
base of the induction. We will refer to the statements in Proposition 14.11 by their 
corresponding numbers (i) - (v). It will be convenient to assume that W = {0} 
when r = 0. 

Given the notation in Proposition 14.11 throughout the proofs, we will set for 
brevity 

J\f = Hi Ran fa and 7Z = (l k Ran 4> k . 
The proofs of the lemmas in this section will all use the following idea: Let fi 
be a weak* closed subspace of operators and (p n )neN be a nested sequence of 
contractive idempotents with R^L-l Ran p n C 0,. In order to prove that a certain 
operator T belongs to f2, it suffices to show that Pn(T) G f2 for each n G N. 
Indeed, letting S be a weak* cluster point of the sequence (p n (T)) n€ ^, we have 
that S G n^ =1 Ran p n C S7. On the other hand, the identities T = p n (T) + p^(T), 
n G N, show that T — S is a weak* cluster point of the sequence (p^(T)) ne ^, and 
hence it belongs to Q; therefore, T = S + (T — S) G $7. 

Lemma 4.5. Proposition \4-l\ (i) holds if r = 0. 
Proof. Let 

= {N C\K)®U + K®V 

and fix 

X G r\j(Ran?/^ n Ran (f) k )(3U + Ran^(g)V. 

By LemmaEH ^(Jf ) G Ran (f) k ®V for all fc, i. By LemmaEU ^(Jf ) G 7£<g>V C 0, 
i G N. On the other hand, for all i G N, we have, by Lemma 13. 11 

fa(X) G (Ran fa n Ran 0j)<g>W + (Ran fa n Ran 0j)(g)V 
= (Ran n Ran fa ) ® (U + V) . 

By Lemma [3l9l any weak* cluster point S 1 of the sequence (fa(X))i^fq belongs to 
(TV n K)®(U + V), a subset of SI. Thus, X = (X - S) + S G Fl. ' □ 

Lemma 4.6. Proposition \4-l\ (H) holds if r = 0. 
Proo/. Let O = AA®W + B®V and fix 

X G n 4 Ran V>i<S>W + #<S>V. 
Let (4>k,0k, M-k, 2k)keN be a decomposition scheme for B. By Lemma [3Tl~l 

^jfc(X) G Hi (Ran n M k )®U + M k ®V. 
If 5 1 is a weak* cluster point of the sequence ((j) k (X)) k ^, then 
S G n feji (RanV>i n M k )&A + yVjfctgiV. 

By Lemma [451 S G f2. It hence suffices to prove that if>^(X) G for all k G N. 
Observe that 

0fc (X) G niRan^®z7T^fc®V. 
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Using Lemmas 13.11 and 13.91 we see that 

e£(4>i(x)) e n^RanVi®^) =Mm c n. 

Write 6 k = Ylp=i ®k,p, where d kyV is a contractive Schur idempotent whose range is 
contained in B (see the last paragraph of Section [2]). Then 



9k, P {4>k{ x )) e n^Ran^j n Ran9k, p )®U + Ran 9 k , P ®V. 
By Lemma 14.51 

9 ktP (4>^(X)) G Af®jU + Ran0 k ,p®V C n. 

Hence, <^(X) = 0^(<^(X)) + £j =1 G^^fcPQ) G for all k G N and the proof 
is complete. □ 

Lemma 4.7. Proposition \4-l\ (Hi) holds if r = 0. 



Proo/. Let Q = N&U + (M n £)®V and fix 



X G niRan^i^W + (Ran^j n B)®V. 
Let ((f>k,9k,-M.k,2k)keM be a decomposition scheme for £>. By Lemma [3TTT 



<^fe (X) G HiRBntpSU + (Ran-f/'i n Z k ) 
By Lemmas 13.11 and 13.91 

9^(4>i(X)) G n^Ran^W) = 7^^ C ft, 
and by Lemmas 13. 1| 13.21 and 13.91 

4(0fe(X)) G ni((RanVin^ fc )8W + V) 

C (n f (Ran^®W + V)) n (Z k ®U + V) 



= {Mm + V) n (z fc( g)^ + V) = (TV n + VCSJ; 

thus, (f>u(X) G O. On the other hand, by Lemma 13.11 



4> k (X) G (RanV>fc n Rancp k )(S)U + V, fc G N. 
Therefore, if 5 is a weak* cluster point of the sequence (4>k(X)) ke ^, then, by Lemma 



S G {Nr\K)®U + V c n. 
The proof is complete. □ 

Lemma 4.8. Proposition \4-l\ (iv) holds if r = 0. 

Proof. Let 

o = A/®£/ + (/Vnfi)®v. 

We use induction on the width n of £>. If n = 1, the conclusion follows from Lemma 
14.71 Suppose that the statement holds for masa-bimodules of width at most n — 1 
and let B = nf =1 Ai, where A\ is a nest algebra bimodule, I = 1, . . . ,n. Fix 



X G niRanV>i®W + (Ran^ n <6)<g>V. 
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By the inductive assumption, X belongs to both 

Nm + {M n (n?-J-Ai))®V 

and 

Let (4>k, 8k, Mk, Zk)k&i be a decomposition scheme for A n . For a fixed k, we have 
that <f>k(X) belongs to the intersection of the spaces 

Mm + (M n (ri?-iAi))®v and TvWTCATrT^jlv. 

By Lemma 13.11 

d£(4>-t(X)) G AAg)W C 
and 

e k (4>i(X)) e Af®zv + (TVn (n^Ui) n z k )®u c n, 

since iJfc C „4 n . Thus, 

<^(X) = 6> fc (&(X)) + ^(^"(X)) G o. 
Let S be a weak* cluster point of (<f> k (X)) ke ?$. Then 

S G n fc ((Ran-0fc n Ran0 fc )(g)W + (Ran-^fc n Ran0 fc n (n™J 1 1 .4z))<g>V). 
By the inductive assumption, the latter space coincides with 

(AT n K)m + {Mr\TZ)r\ (n^A t ))®V), 

which is a subset of Q since 7Z C „4 n . □ 
Lemma 4.9. Proposition \4-l\ (v) holds if r = 1. 

Proof. Let f2 = N®U + W. We set B = B\ and V = Wi, and use induction on the 
width n of £>. For n = 1 the conclusion follows from Lemma 14.61 Suppose that the 
statement holds if the length of B does not exceed n— 1 and assume that B = C\f =1 Ai 
where Ai is a nest algebra bimodule, I = l,...,n. Let (<j) k , k , M-ki -2&)fe6N De a 
decomposition scheme for A n . Fix 

X G R^Ran^®^ + #®V. 

By the inductive assumption, X belongs to the intersection of the spaces 

M®U + iP^=lAi)®V and M®U + A n ®V. 

By Lemma EH for a fixed k, </> k (X) G N®U + Z k ®V. Therefore, 9 k (^) k (X)) G 
M®U, and hence 6^(^(X)) G fi. On the other hand, 

k (4>i( x )) e -A/®w + ((n^jjUi) n z k )®v c n 

since 2jt C ,A n . Thus, ^(X) G f2, for all G N. It hence suffices to prove that, if 
S is the limit of a subsequence (cp kl (X))i e ?$, then 5 6 fi. Let S' be a weak* cluster 
point of the sequence (ip kl (4> kl (X)))j e pj; then S" = S — S' is a weak* cluster point 
of (V^(0 fc; (X)))z eN . By Lemma[3?Il 

4(4P0) G (Mfc n RanVjfc)®^ + {(n^Ai) n (M k n Ranip k ))®V, 
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while 

fa(fa(X)) = 4> k $£(X))€B®VCSl, ken. 
On the other hand, Lemma 14.81 implies that 

s' g ((n k M k ) n N)®u + ({n^Ai) n (n k M k ) n Af)®v c n. 
Thus, s = S' + S" e a □ 

Lemma 4.10. Proposition \4-@\ holds ifr = l. 



Proof. Set B = Bi and V = U\, let VL = (M n C)<g>i/ + £®V and fix 



X G A4®W + B®V n C®W + B®V. 
Let (V'fc, #fc, Ran-0fc, Z k )keN be a decomposition scheme for C. We have that 



if>k( x ) e + s ® v n z k®U + B®V. 

By Lemma 13.21 



ift(X) e(Mn z k )®u + B®v c (X n C)<g>W + B®v. 

On the other hand, by Lemmas 13.11 and 13.21 



V'fcPO G (-M fc n Ran^fc)<8>W + 
for all k G N. Lemma 14.91 shows that, if S is a weak* cluster point of the sequence 
(4>k(X))keH, then 

S G (n fc (>ifc n Ran ip k ))®U + B®V. 
Since Pl^ (A^^ flRan^fc) C M. C\C, we conclude that S 1 G fi. The proof is complete. 

□ 

Lemma 4.11. Proposition \4-^\ holds if r = 1. 

Proof. Write B = B\ and V = Wi. We use induction on the width n of C. If n = 1, 
the statement reduces to Lemma 14.101 Suppose that the statement holds for all 
masa-bimodules C of width at most n — 1 and let C = HtLiC/, where C; is a nest 
algebra bimodule, I = 1, . . . , n. Fix 



X G .M®^ + B®V n C®W + B®V. 

Let (^fc, Ran ip k , Z k ) ke ^ be a decomposition scheme for C n and recall that M = 
fife Ran-^fc- There exists a descending sequence (A4 k ) k <=N of ranges of contractive 
Schur idempotents such that M. = n ke nM k . Observe that, by the inductive as- 
sumption, 



By Lemma |3.2| 



4>i (x) g (M n c)®u + B®v. 

Observe that 



ip k {X) G M k ®U + B®V n (n^Ci)®U + £®V n Ran?/> fc <g)W + B®V 
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and so, by Lemma I3T21 

i>k(X) e {M k n Ran ip k )m + B®v n (n^c^m + B®V, ken. 
By Lemma l4~9| if 5 is a weak* cluster point of (ip k (X)) k& fq, then 

s e (M7W)lwTslv n (n^Jojlw + B®v. 

By the inductive assumption, 

S e (MnNn (n^Q))®^ + B®v c (Ai n c)®w + Blv, 

since A/" C C„. The proof is complete. □ 
Lemma 4.12. Theorem \4-4\ holds if r = 1. 

Proof. Since each masa-bimodule of finite width is the finite intersection of nest 
algebra masa-bimodules, we may assume, without loss of generality, that Cj is a 
nest algebra bimodule, j = 1, . . . ,m. Set B = B\, V = U\ and C = P^L^Cj. We 
use induction on m. For m = 1, the statement is trivial; suppose it holds if the 
number of given bimodules is at most m — 1 and fix X G CiJLiCj^U + <B<8>V. Let 
(4> k ,9 k ,Ai k , %k)keN be a decomposition scheme for C m and set M. = n k& ^Ai k . 
Since X e C m ®U + W, Lemma I3TT1 implies that 

By the inductive assumption and the invariance of DfS^Cj under </> k , we have that 
Hence, by Lemma 13.21 

<fa(X) e ((n^ 1 ^) n z k )m + B<g)V c cm + B®v, ken. 

On the other hand, 

MX) e M k m + Wv n (n^C^m + B®v, ken. 

If S is a weak* cluster point of the sequence (4>k(X)) k £^, by Lemma 14.91 we have 

s e Mm + B®v n (nfs^c^m + B®V. 

By Lemma 14.111 

S e (M n (n^Cj))®^ + B®v c c®w + £®v. 

□ 

We next establish the induction step for the proofs of Propositions 14. 1 1 - 14 . 31 and 
Theorem l4,4t this is done in Lemmas 14, 13l - [4\20l below. To this end, we assume that 
the statements in Proposition l4.ll (i)-(iv) hold if the space W has r — 1 summands, 
while Proposition 14.11 (v). Proposition 14. 2\ Proposition 14.31 and Theorem 14.41 hold 
if W has r summands. 

Lemma 4.13. Proposition (i) holds if the space W has r terms. 
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Proof. Let 

n = (N n ii)m + nm + W 

and fix 



X G n fcii (RanV'j nRan</) fc )(g)^ + Ran0 fc (g)V + W. 

By Lemma [3 .R ip^-(X) G Ran 0fe®V + W for all fe,i£N. By the inductive assump- 
tion concerning Proposition I4.ll (v). 



On the other hand, for all k G N we have 



ifjk{X) G (Ran-i/ife n Ran0 fc )(g)W + (RanV'fc nRan0 fc )(g)V + W 



= (Ran-0fcnRan0 fc )(g)(ZY + V) + W. 

Let S be a weak* cluster point of (ijjk(X))k<=m- Once again by the inductive as- 
sumption concerning Proposition I4.ll (v). 



S g (NnK)®(U + V) + W. 

Thus, S G and the proof is complete. □ 
Lemma 4.14. Proposition \4-l\ (H) holds if the space W has r terms. 
Proof. Let 

n = Mm + B®V + w 

and fix 



X G n;RanV>i<S>W + B®V + W. 

Let ((^>fc, Ran 4>k, -Zfc)fceN be a decomposition scheme for B and observe that, by 
Lemma 13. 11 we have 



fc (X) G n^Ran^j n Ran^ fc )(g)W + Ran</> fe <g>V + W. 
Letting S be a weak* cluster point of the sequence (</>fcPO)fceN> we have that 



5 G n fc> i(Ran-0i n Ran (/> fc )<g>Z^ + Ranc/> fc <g)V + W. 

By Lemma |4. 131 and the fact that 7?. = f\. Ran^. C B, we have that S G SI. So it 
suffices to prove that 4>-j:(X) G for all k G N. Note that, by Lemma [331 



<ftfc PO G n^Ran ipi®U + Z k ®V + W. 
By the inductive assumption concerning Proposition l4.ll (v) and Lemma [3.11 again. 



9£(<t>£(X)) G niRanVi®W + W = A/"<g>^ + WC!]. 

Write 0^ = X]p=i 8k,pi where each 9 k , p is a contractive Schur idempotent whose 
range is contained in B. We have that 

k , p (4>i(X)) G 0;(Ran fa n Ran k>p ))®U + (Ran fc ,j,)<g)V + W. 

By Lemma 14.131 (applied in the case of a constant sequence of maps with term 
9k,p), we have 



e k , P (<f>k(X)) G N®U + (Ran^ )P )(8)V + W C 0, p = !,...,£. 
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It follows that 9 k {^{X)) G O and hence ft(X) = 9 k (4> k ( X )) + WftPO) G 

n. □ 

Lemma 4.15. Proposition \4-l\ (Hi) holds if the space W has r terms. 
Proof. We let 

n = JJW + {Mn B)m + w 

and fix 

X G DiRampi^U + (Ran?^ n B)®V + W. 
Let (4> k ,0 k , -Mk, -2fe)fceN be a decomposition scheme for B and observe that 

4>-t(X) G niRaiitpi&U + (RanV'j n Z k )®V + W. 
Using the inductive assumption concerning Proposition 14.11 (v) , we have 

e^{^(X)) € DiRan^U + W = JfW+W C a 
Write 8 k = Y%=i @k,p as in the proof of Lemma f4.14t then 

h, P {<t>k( x )) G rii(Ran ipi n Ran 9 k , p )®U + (Ran ipi n Ran 0fc )P )<g)V + VV 
= Hi(Ran ^ n Ran 6 k , p )®{U + V) + W. 

By the inductive assumption concerning Proposition 14.11 (v), we have that 9 k ^ p 
(4>^(X)) G 0, for each p = l,...,k. It follows that 4> k (X) G 0. Let S 1 be a weak* 
cluster point of the sequence (<j) k (X)) k ^. Since 

0ft OX) G n fc (Ran Vfe n M k )®U + V + W, 
by the same inductive assumption once again, 

S g (AA n (r\ k M k ))0UTv + w c n. 

□ 

Lemma 4.16. Proposition \4-l\ (iv) holds if the space W has r terms. 
Proof. Let 

= N®U + (TVn B)®V + w. 

We use induction on the width n of B. The case n = 1 reduces to Lemma 14.151 
Suppose that the statement holds for masa-bimodules of width at most n — 1 and 
let B = n^ =1 Ci where every Ci is nest algebra bimodule, I = 1, . . . , n. Fix 

X G niRanV^W + (Ran?^ n B)®V + W. 
By the inductive assumption, X belongs to the intersection of 

Mm + (A/"n (n™" 1 1 C / ))®V + W and N®u + (Mn c n )®v + w. 

Let {(f)k,O k , M.k, Z k ) ke ^ be a decomposition scheme for C n . For a fixed fc G N, we 
have that 4>^{X) belongs to the intersection of 

Mm + {M n (n" =1 1 C / ))^V + W and AAlW + (TVn ^ fc )®V + W. 
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By Lemma 13.21 

<t>£(x) g Mm + {N n (n^Ci) n z k )m + w c n. 

Let 5 be a weak* cluster point of the sequence (<fi k (X)) ke ^; we have 

S G n fc (Ran^ n M k )®U + (Ran Vfc n^n {P^~^Ci))®V + W. 
By the inductive assumption, the latter space is equal to 

{N n (n k M k ))®u + (M n (ruA^) n (nj^jjlv + W 

which is contained in since HfcA4fc CC n . □ 
Lemma 4.17. Proposition \4-l\ (v) holds if the space W /ias r + 1 terms. 

Proof. Let = AAizTTW. Set B = B r+ i, V = W r+i and W = £- =1 Bi®^- We 
use induction on the width n of B. For n = 1 the conclusion follows from the 
inductive assumption concerning Proposition 14.11 (ii). Assume that it holds when 
the length of B does not exceed n — 1, and suppose that B = n™ =1 C/ where Ci is 
a nest algebra bimodule, I = 1,. . . ,n. Let ((p k ,6 k , M. k , Z k ) ke ^ be a decomposition 
scheme for C n . Fix 

X G r\Ran ipi®U + B®V + W . 

By assumption, 

x g JV<8>w + (nj^co&v + w n N®u + c n ®v + w . 

For a fixed k G N, we have 

^fcPO g AA§w + (n^Ci^v + Wo n A/"<g>w + z fc <g>v + w . 

By Lemma 13.21 ^(X) G fi. Let S be a weak* cluster point of the sequence 
(<j) k (X)) ke fq, and S' and 5"' be weak* cluster points of (tp^r ((fik(X))) and (ip k ((j) k 
respectively, such that 5 = S" + 5". 
We have 

g (A** n N)®u + ((n^co n A^ fc )^v + w . 

It follows that 

$k(h(X)) g ((ri?-?b) n 7W fe )^V + Wo, A:GN, 
and hence, by the inductive assumption concerning Proposition 14.11 (v). 

s' g (np-^co^v + Wo n (n fc A4 fc )®v + w . 

It follows from the inductive assumption concerning Proposition 14.31 that S' G £1. 
On the other hand, 

5" g n k (M k n Ran ip k )®U + ((n™"^) n Alfc n RanV>fc)®V + w . 

Since H^V^II 5; 1 f° r each fc G N, Lemma 14.161 implies that 5" G O. It now follows 
that S G O. □ 

Lemma 4.18. Proposition \4-%\ holds if the space W has r + 1 terms. 
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Proof. Let f2 = (M n C)<g>W + W and fix 

x e iMlZTTw n cm + w. 

Let (ifik,9k,fL&nipk, %k)keN be a decomposition scheme for C. Let (<^>fc)fceN be a 
nested sequence of contractive Schur idempotents such that M. = n^ =1 A4k, where 
Mk = Ran</>fc, k G N. We first observe that, by Lemma l3T2| 

fc (x) g n + w en, & g n. 

On the otehr hand, by Lemma 13.11 

C0fc + h)H x ) G W C O and ewcfi, fceN. 

It follows that ifrfcty^X)) = rpk(^(X)) G for each fc. Let 5 be a weak* cluster 
point of (0 fc (/0fc(X))) fce N- Since 

4> k (tp k (X)) G (M fc nRan^)(§)^ + >V 

for all € N, we have, by Lemma l4.171 that S belongs to r\t(Mk D Ran tp k )<g>U + W, 
which is a subset of f2. Since 

X = MM*)) + &(&(*)) + h{X) + (i> k + 0fc) ± (X) ) k G N, 
it now follows that Zsfi, □ 

Lemma 4.19. Proposition \4-3\ holds if the space W /ias r + 1 terms. 

Proof. We use induction on the width n of C. If n = 1 the statement reduces to 
Lemma 14.181 Suppose that the statement holds for all masa-bimodules C of width 
not exceeding n — 1 and let C = H^Cz, where is a nest algebra bimodule, 
I = 1, ... ,n. Fix 

x GiMWTWnclZTTw 

and let 9 k , Ran -Zfc)fc G N be a decomposition scheme for C n . We also assume 
that M. = Rfc-Mfc where every (-Mfc)fceN is descending sequence of ranges of con- 
tractive Schur idempotents. Using Lemma 13.21 and the inductive assumption, we 
obtain 

$i{x) g M®u + w n (n^d^u + wn z k m + £®v 
= 7W n (np-^Ci)®^ + w n z fc ®w + w 
= (M n (nJ^Ci) n z k )m + WQ(Mn C)m + w. 

Using Lemma 13.21 again, we have 

i> k (X) G M k ®U + W n (n^Cz)^ + W n Ran + W 

= (M fc n Ran^ fc )®w + wn (nj^jlw + W, 

for every k G N. By Lemma f4.17t if £ is a weak* cluster point of (tpk( x ))keNj then 

5 g (M nA/")®^ + w n (nJT/C/)^ + w. 

By the inductive assumption, 

s g (Ai nATn {c\^Ci))m + w c pTTTcjlzTTW. 
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The proof is complete. □ 

Lemma 4.20. Theorem \4-4\ holds if the space W has r + 1 terms. 

Proof. It suffices to prove that if C\ , . . . , C m are weak* closed nest algebra bimodules 
and C = n^d, then 

n™ x d®u + w = cWTw, 

where C = n^jLjCj. We use induction on m. Suppose that 

r^cMT+w = (n£i 1 c j )®i/ + w 

and fix X G T^ =x Ci®U + W. Let (tpk, 9k, M-k, Zk)k£N be a decomposition scheme 
for C m . Using the inductive assumption and Lemmas 13.11 and 13.21 we have 

$k(X) g ((n^d) n z k )m + w c cWTW. 

On the other hand, 

MX) e M k ®u iwn (n™^)^ + W. 

Thus, if 5 is a weak* cluster point of the sequence (^fe(^))fcGN then, by Lemma 
14.171 we have that 

s g A^WTw n (njfcjp + w. 

By Lemma 14.191 

s g (Mn^cjp + w c cm + w. 

The proof is complete. □ 

Lemmas l4.5H4.20l conclude the proof of Propositions I4.1H4.3I and Theorem I4.4L 
The following statement, which is an equivalent formulation of Theorem l4.4l follows 
from that theorem by a straightforward induction on r. 

Corollary 4.21. Let r,li, . . . ,l r G N, {Bj} l j =1 be a family of mas a bimodules of 
finite width and Ui be a weak* closed subspace of B(Ki, K2), i = l,...,r. Set 
13* = r\ l i =1 B), i = l,...,r. Then 

p| B\mx + ■■■ + B) r m r = wwa + ■■■ + ww r . 

5. Operator synthesis of unions of products 

In this section we apply the results from Sections [3] and [4] to study questions 
about operator synthesis. We start by recalling the main definitions regarding the 
notion of operator synthesis. 

Let (Xi,ni) and (X2,^2) be standard measure spaces, that is, the measures 
/ii and [12 are regular Borel measures with respect to some Borel structures on 
X\ and X2 arising from complete metrizable topologies. Let Hi = L 2 (X\, n\) 
and H2 = L 2 (X2, ^2)- For a function ip G L°°{Xi, m), let M v be the (bounded) 
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operator on Hi given by M v f = iff, f G L 2 (X\, /ii); similarly define for 
4> G L°°(X 2 ,^ 2 ). Let 

We have that T>\ is a masa; we define £> 2 C B{H2) similarly. We need several facts 
and notions from the theory of masa-bimodules pQ, [9], [25j . A subset E C Xi x X 2 
is called marginally null if E C (MixX 2 )U(XixM2), where /xi(Mi) = ,u 2 (M 2 ) = 0. 
We call two subsets E,F C. X\ x X 2 marginally equivalent (and write E = F) if 
the symmetric difference of £7 and .F is marginally null. A set k C Xi x X 2 is called 
oj-open if it is marginally equivalent to a (countable) union of the form U^ 1 aj x 
where C X\ and /3j C X 2 are measurable, i G N. The complements of w-open 
sets are called uj-closed. An operator T € £>(-ffi,-ff 2 ) is said to be supported on k 
if M Xfj TM Xa = whenever (a x /3) n k = 0. (Here X7 stands for the characteristic 
function of a measurable subset 7.) Given an w-closed set k C X\ x X 2 , let 

9}I miB (ft) = {T € B(Hi, H2) : T is supported on k}. 

The space 9Jt m ax(ft) is a reflexive masa-bimodule in the sense that Ref (97t max (/«)) = 
9ftmax(ft) where, for a subspace W C B{H\, H2), we let its reflexive hull [19] be the 
subspace 

Ref (U) = {T e B(H X ,H 2 ) :Tx£Ux, for all x £ H x }. 

We note two straightforward properties of the reflexive hull that will be used in 
the sequel: it is monotone {U\ C U2 implies Ref(ZYi) C Ref(^/ 2 )) and idempotent 
(Ref(Ref(W)) = Ref(W)). 

It was shown in [9] that every reflexive masa-bimodule is of the form 2T ma x(K) 
for some, unique up to marginal equivalence, w-closed set k C X x Y. If U is any 
masa-bimodule, then its support suppU is defined to be the cu-closed set k Q X xY 
such that Ref(U) = 9JTmax(^)- The masa-bimodule 2t m ax(^) is the largest, with 
respect to inclusion, (weak* closed) masa-bimodule with support k (see [9]). As 
an extension of Arveson's work on commutative subspace lattices [T], it was shown 
in [25] that if k is an w-closed set, then there exists a smallest, with respect to 
inclusion, (weak* closed) masa-bimodule 9H m in(^) with support k. The w-closed 
subset k C X x Y is called operator synthetic if DJl m ™ (k) = 9H m ax(^)- The roots 
of the notion of operator synthesis lie in Harmonic Analysis - it is an operator 
theoretic version of the well-known concept of spectral synthesis. We refer the 
reader to [1] for a relevant discussion, and to |25j for the formal relation between 
the two concepts, which will be briefly summarised at the end of the section. 

The supports of masa-bimodules of finite width will be called sets of finite width. 
A set k C X\ x X2 is of finite width precisely when it is the set of solutions of a 
system of (finitely many) measurable function inequalities, that is, precisely when 
it has the form 

« = {(x, y) G Xi x X 2 : fk(x) < gk(y), k = l,...,n}, 

where fk ■ X\ — > R and gt ■ X 2 — > R are measurable functions, k = 1, . . . , n (see, 
e.g., [28 1). It was shown in [25] and [28] that sets of finite width are operator 
synthetic. 
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In this section, we will be concerned with the question of when operator synthesis 
is preserved under unions of products. Suppose that (Yi,ui), (Y^fa) is another 
pair of standard measure spaces, Ki = L 2 (Yi,Ui) and Ci is the multiplication masa 
of L°°{Y U Ui), i = 1,2. Let U C B(H U H 2 ) be a V 2 , £>i-module and V C B(K 1 ,K 2 ) 
be a C2, Ci-module. Then the subspace U® V is a D 2 (g)C 2 , 2?i<g>Ci-module, and hence 
its support is a subset of (X\ X Yi) X (X 2 xF 2 ). The "flip" 

p : (x x x x 2 ) x (y x x y 2 ) (x x x y) x (x 2 x r 2 ), 

given by 

p(^i,^2,yi,yi) = ^2,2/2), ^ e X,y; eF„j = 1,2, 

is thus needed in order to relate supp(W(g>V) to (suppW) x (supp V). Indeed, it was 
shown in |21j that 

(5) supp(W<8>V) = p(swppU x suppV). 
It was observed in \24\ Lemma 4.19] that 

(6) m min (p( K x A)) = 9JI min ( K )®9JT min (A), 
whenever k C X\ x X 2 and A C Y\ x Y 2 are w-closed sets. 

Remark 5.1. If k, C Xi x X 2 and A C Yj x Y 2 are non-marginally null w-closed 
sets such that p(n x A) is operator synthetic, then both k and A are operator 
synthetic. Indeed, suppose that T € Wl ma _ x (K), and let ^ S € 9Jt m i n (A). Then 
T ® 5 G 9n m ax(/5(K x A)) and, by assumption and identity ([6]), 

r®5Gmt min ( K )®^ min (A). 

It now easily follows that T € 9JT m m( K )- Thus, k is operator synthetic and by 
symmetry A is so as well. 

Remark 5.2. Let G and H be locally compact groups. A problem in Harmonic 
Analysis asks when, given closed sets E C G and F ^ H satisfying spectral syn- 
thesis, the set E x F satisfies spectral synthesis as a subset of the direct product 
G x H. We refer the reader to [TT] for the definition of the notion of spectral 
synthesis and other basic concepts and results from non-commutative Harmonic 
Analysis. Analogues of identities ([5]) and © in the setting of Harmonic Analysis 
can be formulated as follows. Let VN(G) C B(L 2 (G)) (resp. VN(-ff) C B{L 2 {H))) 
be the von Neumann algebra of G (resp. H), and note that VN(G)® VN(ff) 
can be naturally identified with VN(G x H). The Harmonic Analysis analogue of 
masa-bimodules are invariant spaces; these are subspaces X C VN(Gr) that are 
annihilators of ideals of the Fourier algebra A{G) of G. Given an invariant space 
X C VN(G), one may define its support supp X as the null set of its preannihilator 
in A{G). It is not difficult to see that if X C VN(G) and y C VN(iT) are invariant 
spaces, then supp(Af®3^) = (supp^) x (supp y) and that, given any closed sub- 
set E C G, there exists a largest (resp. smallest) invariant space Af max (i?) (resp. 
X m in(E)) with support E, and X min (E)®X min (F) = X min (E x F). 

The next proposition describes the connection between operator synthesis and 
tensor product formulas. 
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Proposition 5.3. Let U C B{H\,H 2 ) and V C B(Ki,K 2 ) be masa-bimodules with 
supports k C X\ x X 2 and A C Y\ X Y 2) respectively. Then 

(7) supp.F(W,V) = P (k x A) 
and 

(8) -F(9?tmax(K),97tmax(A)) = 9Jt max (p(« X A)). 

Moreover, if k and A are operator synthetic, then the following statements are 
equivalent: 

(i) p(n x A) is operator synthetic; 

(ii) 7"(9JW(K),9Jt max (A)) =9JT max (K)_09JT max (A); 
(Hi) T(Wl min (K),Wl min (\)) = 9Jt min (K)^9JT min (A). 

Proof. We have that T(U,V) = (U^B(K 1 ,K 2 )) n (£(#1, H 2 )®V), and hence 

suppJ-(Zi,V) = supp(W®B(ifi,K 2 )) nsupp(^(Fi,^ 2 )^V). 

By ©, the support of U^B(K 1 ,K 2 ) (resp. -ff 2 )®V) is p(kx(Y 1 xY 2 )) (resp. 

p((ATi x X 2 ) x A)). Identity ([7]) now readily follows. To establish (|8|) note that 
^(^ftmaxM, S^max(A)) and 9H max (p(/t x A)) are both reflexive and, by ([7]), have 
equal supports. 

Suppose that k, and A are operator synthetic. 

(ii) <^(i) Using \2A\ Lemma 4.19] for the first equality below and identity ([8]) for 
the last one, we have 

m min (p(K x A)) = VJl m m(K)®Wl min (\) = 9JW(K)<g>97t ma x(A) 

C T(Wl max ( K ), mt max (A)) = Tl m MK x A)). 

If the inclusion in the above chain is equality then we have that 9Jt m i n (p(n x A)) = 
9ftmax(/»(ft x A)), in other words, that p(n x A) is operator synthetic. Conversely, if 
p(k x A) is operator synthetic then we must have equalities throughout. 

(iii) 44>(i) follows similarly from the chain 

Tl min (p( K x A)) = Wl min { K )®Wl min (\) C T{Wl min { K ),Wl min (\)) 

= ®U a (K)®B(K 1 ,K 2 )) n tf 2 )« min (A)) 
= {9Jl max { K )®B(K 1: K 2 )) n (B(H 1: H 2 )®VR max {\)) 

= J 7 (9ftmax (k) , Wl max ( A) ) = Tl m MK X A)). 

□ 

Corollary 5.4. Lei k C Xi x X 2 be an operator synthetic uj-closed set. //9Jt max (fv) 
has property S a then p{n x A) is operator synthetic for every operator synthetic co- 
closed set x Y 2 . 

Proof. Immediate from Proposition 15.31 (ii)-£»(i). □ 

It follows from Corollary 15.41 that if k is a set of finite width then p{n x A) is 
operator synthetic whenever A is so. In fact, we have the following stronger result. 
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Corollary 5.5. Let k C X\ x X2 and A C Y% X I2 fre operator synthetic sets and 
k' C Xi x X2 &e an co-closed set of finite width. If p(n x A) is operator synthetic 
then so is p{{n U «/) x A). 

Proof. Let V = 50? m ax(ft)> 6 = 9JT max (K') and U = 9tt m ax(A). It is straightforward 
to check that the support of V + B is kUk'. By [8, Corollary 4.2], kUk' is operator 
synthetic, and hence 9JT max (K U «') = V + i3. By Proposition 15.31 

^(99TmaxM,97tmax(A)) = ^max(K)®^max(A). 

By Theorem 13. 101 

^(9?lmax(« U k'), 93tmax(A)) = U K ')^9JTmax(A). 

By Proposition 15.31 p((n U «/) x A) is operator synthetic. □ 

Our next aim is Theorem 15.91 f° r whose proof we will need some auxiliary lem- 
mas. 

Lemma 5.6. LetlA C B{H\,H2) be a masa-bimodule and 4> be a Schur idempotent 
acting on B^, H 2 ). Then faRef{U)) = Ref(0(ZY)) = Ran</> n Ref(W). 

Proof. By [8j Proposition 3.3], Ref(W) coincides with the space of all operators 
X E B(Hi, H2) such that ip(X) = whenever ip is a Schur idempotent annihilating 
U. Fix T G Ref(W) and let 6 be a Schur idempotent on B{H\,H2) such that 
6(faU)) = {0}. Then 6 o 0(T) = and hence 0(T) G Ref(0(W)); we thus showed 
that 0(Ref(W)) C Ref(<£(W)). 

Now suppose that T £ </>(Ref (ZY)); then clearly T G Ran^ and, by the previous 
paragraph, T G Ref (<£(«)) Q Ref(W). Thus, 0(Ref(W)) C Ran n Ref (U). On the 
other hand, if T G Ran0nRef(W) then T = faT) G 0(Ref(W)); hence, 0(Ref(W)) = 
Ran0nRef(ZY). 

By [8j Proposition 3.3], Ran^ is reflexive and since reflexivity is preserved by 
intersections, the previous paragraph implies that 0(Ref(W)) is reflexive. Since 
faU) C ^(Ref(W)), we have Ref(^(W)) C Ref (faRet (W))) = 0(Ref(W)), and the 
proof is complete. □ 

Lemma 5.7. Let fa be a Schur idempotent, Ki C Xi x X2 &e the support of Ran fa, 
and Aj C y 1 x Y% be an u-closed set, i = 1, . . . , r. Suppose that U^ =1 A mfc is operator 
synthetic, whenever 1 < mi < mi < ■ ■ ■ < m p < r. Then the set p(U[ =1 Ki x Aj) is 
operator synthetic. 

Proof. Set « = p(U r i=1 Ki x A;), Ui = 5EK m in(Ai) and W = 5PV m (/t). By ©, the 
support of the masa-bimodule Yli=i ^min(^j)®^min(Ai) is / o(U[ =1 Kj x Aj); by the 
minimality property of W and the fact that the sets Ki and Aj are operator synthetic, 
we have that 



W = ^9Jt mi „(«;i)(8)an m in(Ai) = ^9n m ax(Ki)®2Jtmax(Ai). 
i=l i=l 

For each i = 1, . . . , r, let <^ = 0j and ^t^" 1 = <fif, and for each subset M of 
{!,..., r}, let 4>m = 4> e \4>2 ■■■fa r , where a = 1 if « G M and e« = -1 if i g" M. 
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Fix T G Ref(W); we will show that T G W. This will then imply that W = 
Ref(W), and hence that p(U- =1 Kj x A,) is operator synthetic. 

We have T = <f>M(T), where the sum is taken over all subsets M of {1, . . . , r}. 
By Lemma loTUl 4>m{T) G Ref(</>M(W)) and hence 

T G Ref (^^<£ M (Ran 

V M i=l 

By Lemma [3TT1 0^ (Ran cpi^Ui) = Ran0Af(§)ZYj if i G M, and 0^ (Ran cj)i(g>Ui) = {0} 
otherwise. Thus, 




T G Ref ( Ran <j) M ®Yl Ui ) 



We have that (pM^N = if M ^ N. The assumption concerning the synthesis of 
the finite unions of the sets Xj implies that ^2 ieM Ui = 9Jt max (Uj g AfAi); we may 
thus assume that the maps fa, i = 1, . . . , r have the property that <pi4>j = if i 7^ j. 

We now proceed by induction on r. If r = 1, the statement follows from Lemma 
13.11 and Corollary 15.41 Assume that the statement holds if the number of the given 
terms is at most r — 1, and recall that T G Ref(W). By Lemma 15.61 and the 
inductive assumption, 

<t>r(T) G Ref(#-(W)) C Ref ^ 97t max (K l )« max (A l )^ C W. 

On the other hand, 

4> r (T) G Ref(OT max (K r )(g)5Jt max (A r )) = aH max (K r )(g)9Jt max (A r ) 
= 9Jt min (K r )» min (A r ) C W 

(we have used Lemma 15.61 for the containment, and Corollary 15. 4[ Proposition 15.31 
and the fact that 9Jt m ax( K r) has property S a for the first equality). Thus, 

T = MT) + ^(T)eW 

and the proof is complete. □ 

Lemma 5.8. Let m C X\ x X2 be the support of a nest algebra bimodule, and let 
A« C Y\ x y 2 &e an co-closed set, i = 1, ...,r. Suppose that U^ =1 A mfc is operator 
synthetic whenever 1 < mi < 7712 < • • • < m p < r. Then the set p(U[ =1 /€j x Aj) is 
operator synthetic. 

Proof. Set w = p{U r i=1 Kj x Aj). Let Bi = Tl max (Ki), Ui = 9JT ma x(Ai), i = 1, ...,r, 
and W = X)i=i B>i®Ui. As in the proof of Lemma [5V7l W = 9JT m m(ft) and hence 
Ref(W) =0Jt max ( K ). 

Let {(j>i t ki &i,ki Mi,ki %i,k)keN be a decomposition scheme for Bi, i = 1, . . . , r. Set 
^i,fc = {4>i,k J rQi,k) 1 ~ ■ For each subset M of {1, ... , r}, a subset A of M, and indices 
kx, fc 2 , • • • , A: r G N, we let Tfcf,'^,...,^ = 7i • • • 7r, where 7* = if i G A, 
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7i = 6 i)ki iiieM\N and 7* = $ i)fcj if i £ M. Fix T G Ref (W). Then, by Lemmas 
IQandlfTBl 

7 fc X..A( T ) eRef (E^^, 

where 3^ fci is equal to .M^ if i G iV, to if i G M \ iV and to {0} if i M. 
Moreover, for all fei, &2, • • • , k r , we have that 

M",JV 

where the sum is taken over all subsets M and iVof {1, . . . , n} with N C M. By 
Lemma 15.71 



Since 2j ^ C for every A; G N, we have that 



where is equal to .M^ if i G A r , to £>j if i G M \ N and to {0} if i ^ M. 

Let {(M p , N p )}p =1 be an enumeration of the pairs of sets (M, N) with JVCMC 
{1, . . . , r}. For every fixed r — 1-tuple (ki, . . . , of indices, choose a weak* con- 
vergent subsequence (% 1 1 )k2 ^ kr _ ltk/r (T)) k ' r en of the sequence (7fc5^.. )fer ( r ))fe r eN, 
and let J^ 1 ^ 1 k {T) be its limit. Then choose a weak* convergent subse- 
quence {l kl %^ kr _ uk ,,{T)) K&] of the sequence (7^£., fcr _ lifc / (T)) k > r &, and let 
7fcf 2 fc^ 2 (-0 ^ e ^ S nrm t. Continuing inductively, define, for each pair (M,N), 
an operator 7^'^ fe r _ 1 (^); by the choice of these operators, we have that 



rp _ \ ~* M,N ,rp\ 

~ / > ^fci.fco fc r _ ] V J /• 



M,Af 



By Proposition 14.11 (v), 



r-l 



We now choose, as in the previous paragraph, for every r — 2-tuple (k\, . . . , k r ^2) 
of indices, a weak* cluster point l kl ^... ykr _ 2 {T) of ('y£f£ ) .„ ife ._ 1 (T)) fcr _ ieN such 
that T = YIm N^ik 2 fc r _ 2 (^)' ano - use Propositi 011 14-1 1 (v) to conclude that 



r-2 



i=l 
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Continuing inductively, we conclude that T = Y2m n % ' C^)> wnere 70 ' (T) G 
W for all subsets N and M of {1, ... ,r} with N C M. Hence, T G W and the 
proof is complete. □ 

Theorem 5.9. Ze£ Kj C Xi x X2 be a set of finite width, and let Aj C Y\ x Y2 
an ui-closed set, i = 1, . . . , r. Suppose that U| =1 A mfe is operator synthetic whenever 
1 < mi < ?ri2 < • • • < m p < r. TTien i/ie sei p(U£ =1 /Cj x Aj) is operator synthetic. 

Proof. Let k = /o(U[ =1 Kj x Aj), B{ = S0t m ax(^«) and write Bi = n l j =l Bj, where B % - 
is a nest algebra bimodule, i = 1, . . . , r, j = 1, . . . , 1%. Let also Ui = 9JT max (Aj), 
i = 1, . . . , r. Fix 



r g 9Jt max (M = Ref ^ B;<S>W; j . 



Lemma 15.81 implies that, for all ji,. . . ,j r , we have 



TG Ref (£4^) =E4 

By Corollary IPH 



vi=l / i=l 



T€ J^Bi®Z^ = *Dtnm(K). 
i=l 

□ 

Remark 5.10. In Theorem 15.91 the condition that U^ =1 A mfc be operator synthetic 
whenever 1 < m\ < m<i < ■ ■ ■ < m p < r cannot be omitted. Indeed, given such 
a choice of indices, fix ci non-trivial subset of finite width and. let f^nij — ^? 
j = 1, . . . ,p, and Ki = if i G" {mi, . . . ,m p }. If p(U[ =1 Kj x A 4 ) = p(« x (U^ =1 A mj )) 
is operator synthetic then, by Remark 15. 1\ U^ =1 A mj is operator synthetic. 

We conclude this section with an application of the previous results to spectral 
synthesis. Let G be a second countable locally compact group. By [20J, a closed 
set E C G satisfies local spectral synthesis if and only if the set 

E* = {(s,t) GGxG: st- 1 G E} 

is operator synthetic (here G is equipped with left Haar measure). We note that, 
in the case the Fourier algebra A{G) has an approximate identity, E is of local 
spectral synthesis if and only if it satisfies spectral synthesis (see [20 J. 

Let M + be the group of positive real numbers and u : G — > M + be a continuous 
group homomorphism. For each t > 0, let 

El = {x G G : u(x) < t}; 

it is natural to call such a subset a level set. We have that 

(El)* = {(x,y)eGxG:u;(x)<tu(y)} 

and hence the intersections of the form 

e = Ei\ n • • • n Eft h 
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are a Harmonic Analysis version of sets of finite width: they have the property 
that the corresponding set E* is a set of finite width (see also [8] ) . Theorem 15.91 
has the following immediate consequence. 

Corollary 5.11. Let G and H be second countable locally compact groups. Suppose 
that Ei, . . . , E r are level sets in G and F\, . . . ,F r are closed subsets of H such that 
yj p k=l F mk is a set of local spectral synthesis whenever 1 < mi < wi2 < ••• < m p < r. 
Then the set L>l =1 Ei x F. L is a set of local spectral synthesis of G x H. 

6. FUBINI PRODUCTS AND MORITA EQUIVALENCE 

In this section, we show how tensor product formulas relate to the notion of 
spacial Morita equivalence introduced in [6]. For subspaces X and y of operators, 
we let 

[Xy\ = I^X i Y i :X i eX 1 Y i €y,i = l,...,k,k€N^. 
We recall the following definition from [7]: 

Definition 6.1. Let A (resp. B ) be a weak* closed unital algebra acting on a 
Hilbert space H\ (resp. H%). We say that A is spatially embedded in B if there 
exist a B , A-bimodule X C B(H\,H2) and an A, B-bimodule y C B(H2,Hi) such 
that [Xy] C B and [yX] = A. 

If, moreover, B = [Xy], we call A and B spatially Morita equivalent. 

We note that if two unital dual operator algebras A and B are weak* Morita 
equivalent in the sense of [2] then they have completely isometric representations a 
and j3 such that the algebras a(A) and (3(B) are spatially Morita equivalent (this 
fact will not be used in the sequel). 

Theorem 6.1. Let Hi, Hi and K be Hilbert spaces and A C B(Hi) and B C 
B(H2) be weak* closed unital algebras. Suppose that A is spatially embedded in 
B and let U C B(K) be a weak* closed space such that T{B,IA) = B®U. Then 
T(A,U) = A®U. 

Proof. Let X C B(Hi,H2) and y C B(H2,Hi) be subspaces satisfying the con- 
ditions of Definition 16. 1\ and T £ A®B(K) be such that i?^(T) € U for all 
(ft G B(Hi, H2)*. Suppose that 

r = w*-limV^8)Sf, 

8=1 

where (^)i=i ^ A and { S i)T=l ^ B ( K )- Fix x i £ X and Yy € y and set S = 
(Xi®I)T{Yi®I). For V e B(H 2 )*, let 4> G 0(i?i)* be given by <j)(A) = ^(X^Yx), 
A € B(Hi). Since 

^(T)=w*-limV^K n )5reW, 

n ^ — » 

i=l 
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we have that R^p(S) G U, for every -ip G B{H2)*. By our assumption, S G B®U. 
Therefore, (Xl <g> J)T(Yi <2> J) G £<8>W for all Xx € X and all Yi € >>. It follows that 

(Y 2 X! ® /)T(yiX 2 <8> /) G .4.®^, for all X x , X 2 G *i, Y 2 € ? . 

Since I £ A = [yX], it follows that T G .AfgW. □ 

The following corollary is straightforward from Theorem 16. II 

Corollary 6.2. Suppose that A and B are weak* closed unital operator algebras. 

(i) Suppose that A is spatially embedded in B. If B has property S a then so does 

A. 

(ii) Suppose that A and B are spatially Morita equivalent. Then A has property 
S a precisely when B does so. 

The last corollary, which is immediate from [7] and Corollary I6.2I concerns the 
inheritance of property S a in the class of CSL algebras; we refer the reader to pQ 
for the definition, relevant notation and theory of this class of algebras. 

Corollary 6.3. Let L\ and Li be CSL's. 

(i) Suppose that <f> : C\ — > £ 2 is a strongly continuous surjective lattice homo- 
morphism. //Alg(£i) has property S a then so does Alg(£ 2 ). 

(ii) Suppose that <j> : C\ — > £ 2 is a strongly continuous lattice isomorphism. Then 
the algebra Alg(£i) has property S a if and only if Alg(£ 2 ) does so. 
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